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The aim of this paper is to investigate different definitions of soft points in the existing literature on soft set theory and 


its extensions in different directions. Then limitations of these definitions are illustrated with the help of examples. 


Moreover, the definition of soft point in the setup of fuzzy soft set, intervalvalued fuzzy soft set, hesitant fuzzy soft set 


and intuitionistic soft set are also discussed. We also suggest an approach to unify the definitions of soft point which is 


more applicable than the existing notions. 
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1 | Introduction 


CD iconsce Journal 


of Fuzzy Extension and 
Applications. This article 
is an open access article 
distributed under the 
terms and conditions of 
the Creative Commons 
Attribution (CC BY) 
license 
(http://creativecommons. 
org/licenses/by/4.0). 


Molodtsov [4] initiated soft set theory as an extension of fuzzy set theory to deal with uncertainties 
occurring in natural and social sciences. It attracted the attention of mathematicians as well as social 
scientists due to its potential to unify certain mathematical aspects and applications in decision making 
ptocesses (see [5]). In an attempt to study different existing mathematical structures in the context of 
soft set theory, the notion of a soft point plays a significant role. A careful formulation of the notion 
of a soft point is required to define the notion of a soft mapping; an important inerdient of a soft set 
theory. The study of different mathematical structures such as metric spaces, topological spaces, 
vectors spaces, normed spaces and inner product spaces in the setup of soft set theory also require 
appropriate definitions of a soft point and soft mapping. 


One may finds different definitions of soft points and hence of soft mappings in the existing literature 
on soft set theory. The reader interested in different definitions of soft points and soft mappings is 
referred to [7], [8], [12]-[18] and references mentioned therein. 
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These definitions have their own limitations and merits. Some authors have attempted to address these 
limitations. In this direction, Murtaza et al. [1] defined the notion of interval valued neutrosophic soft 
points and discussed their properties. Moreover, Smarandache [3] extended the notion of a soft set to the 
hypersoft set by replacing the function F with a multi-argument function defined on the Cartesian product 
of n different set of parameters. After that, Abbas et al. [2] introduced hypersoft points in different setups 
such as fuzzy hypersoft set, intuitionistic fuzzy hypersoft set, neutrosophic hypersoft, plithogenic hypersoft 
set, and studied some basic properties of hypersoft points in these frameworks. 


The objective of this article is to provide a survey of these definitions and to present their limitations. 
Moreover, we have discussed the inherited flaws in the definitions of soft points in the framework of fuzzy 
soft set, intervalvalued fuzzy soft set, hesitant fuzzy soft set and intuitionistic soft set. 


First we recall some basic definitions that will be necessary for the environment. 


Definition 1. [4]. Let U be a universe and A a nonempty subset of a set E of parameters. A soft set (S, A) 
over U is characterized by a set valued mapping S$: A — P(U), where P(U) denotes the power set of U. In 
other words, a soft set over U is a parameterized family of subsets of the universe U. For € € A, S(e€) may 
be considered as the set of €- approximate elements of the soft set (S, A). 


For the sake of brevity, we denote the soft set (5, A) by S, and S(U) by the collection of all soft sets over 
U. 


Definition 2. [5]. Let S,, Jz € S(U). Then Sy is called a soft subset of J if ACB and for all e € A, 
Sy(e) C T(e). We denote it as S, Tp. 


Definition 3. [5]. The complement of S, denoted by S% is identified by a set valued mapping S°: A > 
P(U) given by S“(a) = U - S(a), for alla € A. 


Definition 4. [5]. Let S; € S(U). Then Sz is said to be an absolute soft set, denoted by U, if for all ¢ € E, 
S(€) = U whereas a soft set Sp over U is said to be a null soft set denoted by ® if for all ¢ € E, S(e) = ©. 


Definition 5. [5]. Let S,, Jz € S(U). The union of 5,4 and Jp is a soft set Ve, where C = A UB and for all 
e €C, the mapping V:C — P(U) is given by 


S(e), ifee A—B 
V(e) = 47 (e), ifee€ B-—A 
S(e)UT(e), ifeEe ANB 


We express it as S, UTz = Ve. 


Definition 6. [5]. Let S,, Jz € S(U). The intersection of 5, and Jpg is a soft set Ve, where C = ANB and 
for all e € C, the mapping V:C — P(U) is given by V(e) = S(e) NT (e). We write it as S4 VTg = Ve. 


Definition 7. [6]. Let S,, J, € S(U). The difference V4 of 5, and J, denoted by S,\Jn is defined by the 
mapping given by V(e) = S(e)\F(e) for alle € A. 


2| Definitions of Soft Point and Their Limitations 


In this section, we state different existing definitions of soft point in the literature and discuss the 
limitations of these definitions by providing suitable examples. There are two important issues that are 
related with definition of a soft point: one is to define the concept of a soft point on its own and other is 
to define the concept in relation with a soft set, that is, the concept of belonging of a soft point to the soft 
set. 


In this section, both issues are discussed and points are highlighted that what should be kept in mind 
while using these definitions. 


We start with the definition in [16], where elements of universal set U were taken as "soft points" and 
their belonging to the soft sets was given in the following manner. 


Definition 8. [16]. Let S, ¢ S(U). A point u € U is said to be in $4 denoted by u € Sy if u € S(e) for all 
ec A. 


In case of the above definition, we may face the following situations: 


If Sy, Ty € S(U) then there may be an u € Sy OTy such that u ¢ Sy and u ¢ 4. Thus there may exists an 
u € U and a soft set S, such that u € S, and u ¢ S4. 


To observe this fact see the following example. 


Example 1. Let U = {u,,u2} and E = A = {e,e}. Define the soft sets 54 and J, by 


Sa = {Cer (ur), (ez, {uz}, 
Tn = {(€1, {u2}), (€2, {ur}. 
Note that the union S, 0 Jj is given by 
{(e1, {Uy, U2}), (€2, {u, U2})}. 


Clearly uy,u2 €S, OT 4 but uy, uy ¢ S4,T 4. Note that Jy is the soft complement of S,, and hence we 
have arrived at the situation where u € U but u ¢ Sy and u € S4. 


We may also face the following problem: 


IL 1£S,4,T, € S(U) then there may exist a non null soft subset J, of a given soft set S, such that none of 
u ES, belongs to Jy. 


We now give the following example which illustrate the above situation. 
Example 2. Let U = {u, up} and E = A = {e1, 5}. Define soft sets 5, and J’, by 

Sq = {(ex, {tr Uz}), (ez, (ur, U2}, 

Tn = {(€1, {U2}), (€2, {tr })}- 
Clearly u4,U2 € S, but there is no u such that u € Jy. Moreover, J, is a non null soft subset of Sy. 
There may arise the following situation as well. 

Il. If S54, Jy € S(U) then every u € Sy implies that u € J, but it does not imply Sy € Jy. 

We present the following example where the above statement is valid. 


Example 3. Let U = {u,u2,u3} and E = A = {e,,e}. If we define soft sets Sy and J, by 


Sa = {(e1, (Uy, U2}), (ez, {ur Dh, 
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Tn = {(€1, {tr Ug }), (€2, {Ur, Ur })}- 
Then every u € S, implies that u € J’, but S, Z Jy. Also, note that Ty ZS, 
El-Shafei et al. [14] relaxed the Definition 8 in the following manner. 


Definition 9. If S, € S(U). A point u € U is said to be partially in S4 denoted by u € Sy, if u € S(e) for 
some e € A. 


El-Shafei et al. [14] discussed the limitation (I) on the Definition 8 and considered the limitations ((I) and 
(I) in the following list) of the above definition as well. 


Here we give the list of those limitations and present an example (different from the example given in [14]) 
to illustrate the limitations. 


I. If S4,J4 € S(U) then there may be a u € Sy and u € Jy such that u does not partially belong to Sy N Jy. 
Il. If S, and J, are soft complement of each other, then there may be an u € U such that u € S, and u © 
T 4. 
Ill. Eachu € S, implies that u © J, but it does not imply that S, © Jy. 
Example 4. Let U = {u1, up} and E = A = {e,,€}. Define soft sets S, and J, by 
Sa = ACE {u,}), (eo, {u2})}, 
TF, = {(€1, {ug}), (C2, {u})}. 
Note that 
S4 A Sy = {(e1, 2), (e2, @)}. 
We have the following observations: 
I. Clearly uy, Uz do not belong to S41 J, (even partially) although u4,Uy € Sq and uy,U, ET g. 
II. Although S, and J, are soft complements of each other but uy, U2 € Sy and u4,Up ET. 


Ill. Here each u € Sy also implies that u € Jy, but Sy is not a soft subset of Ty. 


Now we discuss those definitions of soft points for which soft point is itself a soft set and its belonging to 
a soft set is defined as a soft subset. 


Definition 10. [18]. A soft set S, is called a soft point if for the element e € A, S,(e) # ©, and S,(e’) = ©, 
for all e’ € A — {e}. A soft point is denoted by es. 


A soft point és is said to belong to a soft set J, if S(e) C T(e) for every e € A. We denote this by es ET 4. 
In the above definition, we find the following problem: 


If S4, J, € S(U) then es ES, UT, does not imply that es € S$, or es € Jy. Thus there may exists a soft point 
es € U and a soft set S, such that e, € S, ande, € Sf. 


This can be observed by the following example. 


Example 5. Let U = {ug, uy, U2} and E = A = {e1, €,e3}. Let us consider the following soft sets 


Sq = {(e1, (Uo, Uz }), (ez, {Uo }), (ez, {U2}, 
Tn = {(€1, (uz}), (€2, (ur, U2 }), (€3, (Uo, Ur })}- 
Note that 
Sa UTy = {(€1, (Uo, Ur, Uz}), (€2, {Uo, Ur, U2}), (€3, {Uo, Ur, U2})} = U. 


Also, the soft point ey, = {(€1,{Uo, M1, U2})} € S4 OT, but e,, € S, and C1, € J,. Moreover, Jy is the soft 


complement of S,. Thus we have the situation that e,, € UW but e,, ¢ Sy and e,, ¢ 54. 


Senel [13] modified the Definition 10 and compared his definition with the Definitions 10 and Definitions 
13. 


Definition 11. [13]. A soft set S, is called a soft point if for the element e; € A, S4(e;) # 9, and S4(e) = 
®, for all e; € A — {ej}. A soft point is denoted by (e;,); for all i,j € IN*. 


A soft point (@;,); is said to belong to a soft set J, if S(e;) ST (e;) for every e; € A, denoted by 
(2:,); E Jp. 


The restrictions on the Definition 11 are the same as in the case of the Definition 8. Moreover it seems that 
the Definition 11 works only if the set of parameters is a countable set. 


Now we restate the definition given by Aygiinoglu and Ayeitin [7]. They also discussed its limitation on 
the soft union. 


Definition 12. [7]. A soft set S, is called a soft point if there exists a uy € U and A C E such that S(e) = 
{uo}, for alle € A and S(e) = g, for alle € E— A. A soft point is denoted by S,°. 


A soft point 5;°° is said to belong to a soft set Jy if Up € T(e) for each e € A, denoted by S;'° E Jp. 


If S4,J, € S(U) then S,° € S, UJ, does not imply that S;°° € S, or S;° E Jy. Thus there may exists a 
soft point 5;° € UO and a soft set S, such that S;° € S, and S;° € Sf. 


This is shown by the following example. 
Example 6. Let U = {ug, Uy, U2, U3} and E = A = {e,, €,e3}. Consider the following soft sets 
Sq = {(€y, {Uo, Uy }), (€2, (Uo, Uy, U2}), (eg, (Uy, Uz, Us })}, 


Tn = {(€1, {Uz, Us }), (€2, {Us }), (e3, {Uo })}- 


Note that 5;° € 5,0 %, = W but 57° € S, and S)° € Jy. Also J, is the soft complement of S,. Hence 
we have the situation that S;°° € U but S;° € S, and S;° € Sf. 


The following definition is given by Wardowski [17] and, Das and Samanta [8] independently. 


Definition 13. [8], [17]. A soft set 5, over U is said to be a soft point if there is exactly one e € A such 
that S(e) = {u} for some u € U and S(e) = 2, for all e € A\{e}. We denote such a soft point by (S?, A) 
or simply by 5? . 


A soft point S$ is said to belong to S,, denoted by S} E Sy, if S#(e) = {u} c S(e). 


Il) 


J. Puzzy. Ext. Appl 


338 


Abbas et al. |J. Fuzzy. Ext. Appl. 2(4) (2021) 334-343 


Wardowski [17] formulated all basic operations of union and intersection for soft points. He proved that 
the Definition 13 of soft point follows the same operations as in the crisp case in the following manner: 


Mh 


J. Fuzzy. Ext. Appl Proposition 1. Let 5,, J, € SU). Then the following holds 
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Il. SY ES, NIJ, if and only if SY € S, and SY EY. 


Il. S% € S,\Iy if and only if S¥ ES, and SY E Ih. 
IV. Ifevery SY € S, > SY EJ, if and only if S, © HG. 


The following definition is given by Das and Samanta [9]. They defined soft element of a soft set as a 
mapping. They also used soft element to define soft real number. 


Definition 14. [9]. If g is a single valued mapping on A C E taking values in U, then the pair (g, A), or 
simply g is called a soft element of U. A soft element g of U is said to belongs to a soft set S, over U, 
denoted by g € Sy, if g(e) € S(e), for eache € A. 


Again there is a following restriction on the soft union: 


Suppose that S, and J, are soft sets over U and g is a soft element such that g € S, U Jy. Then it does not 
imply that g € S, or g € Jy. Thus there may exists a soft element g € U such that g € S, and g € Sf. 


To observe these facts see the following example: 
Example 7. Let U = {0,1,2} and E = A = {e1, ez, €3}. Consider the following soft real sets 
Sa = {(e1, {0,1}), (ea, £0), (es, {2}, 
Tn = {(€1 {2}), (€2, (1.29), (es, (0,1})}- 
Note that 
Sa UITy = {(€1, (0,1,2}), (€2, {0,1,2}), (€3, {0,1,2})}. 
Then the soft real number g is defined by 
g(e1) = 0; g(e2) = 1 g(es) = 2; 


belongs to S, UJ, that is, g ES, OT, =O but g € S, and g EJy. Also J is the soft complement of Sq. 
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Hence we have the situation that that g € U but g € S, and g € SS. 


Remark 1. In the above example, 54, J, are soft real sets and g is a soft element corresponding to the soft 


real number 


Va = {(e1, (03), (€2, {1)), (es, {2})}. 


Then V, © S, 0% but V, ZS, and V, E Jy, that is, a soft real number belongs to a union of two soft real 
sets but not to the individual sets. 


3| Definition of Soft Point in Different Environments 


In this section, we recall the definitions of different variants of soft points in different environments such 
as fuzzy soft point, interval valued soft point, hesitant soft point, and intuitionistic soft point. 


There are two definitions of fuzzy soft point available in the literature. The first one is similar to the 
Definition 13 of soft point and thus follows the basic rules of crisp set operations. 


We will denote FS(U) by the collection of all fuzzy soft sets over U, [S(U) by the collection of all interval 
valued fuzzy soft sets over U and IFS(U) by the collection of all intutionistic fuzzy soft sets over U. 


Definition 15. [10]. A fuzzy soft point e,, over U is a fuzzy soft set over U defined as follows: 


uy 


x, (ey. “He Se, 
Qu, (e") = ie ife’ #e, 


where wu, is the fuzzy point in U with support u and value A, A € (0,1) and Oy is null fuzzy set. 
Following is the second definition given by Neog et al. [11]. 


Definition 16. [11]. Let S, € FS(U). Then S, is called a fuzzy soft point, denoted by e(S,), if for e € 
A,S(e) # 0 and S(e’) = 0 for e’ € A\{e} (where 0 denotes the null fuzzy set). 


A fuzzy soft point e(S,) is said to belong to a fuzzy soft set Jy if e(S,) is a fuzzy soft subset of Jy. 


In the above definition, one faces the same problem with an operation of union as discussed earlier in 
the case of the Definition 10. 


The following example illustrates the situation: 


Example 8. Suppose that U = {up, uy, Uz} and E = {e1, ez, e3}. Consider the following 


Se= {(eo{5$-34})  (eartosh) (en toeh)} 
Ts = {(en 2), (ea 5,2), (es, ES ))}- 


Note that 
u u u u u u u u u 

Sz UFp = {Cen egy oat) (Carbog a5 pads (Ca boergg ach 

If we define a fuzzy soft point €;(S_) as follows: 
_ ao Ba Ee 

Ve = {en Seda oqbh 
then e,(Vz) € Sp UJ; but e,(Ve) € S_ and e,(V;) € Jp. 
Now we discuss the points of an interval valued fuzzy soft set. It is worth mentioning that an interval 
valued fuzzy soft point defined in any of the way stated in the previous section, it lacks some basic 
operations. Even in the case of the definition similar to the Definition 13, we can construct an example 
showing that there is an interval valued fuzzy soft point which belongs to the union but not to the 
individual sets. Thus until now, there is no definition of interval valued fuzzy soft point which follows 


basic tules of union and intersection. 


Now we define interval valued fuzzy soft point similar to the Definition 13 and give an example to support 
the above observation. 
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Definition 17. Let 5, € 1S(U) and u € U. An interval valued fuzzy soft point, denoted by IP©” is defined 
as follows: if for the element e € A,S(e)(v) = [0,0] for every v # u and S(e’) = 0 for e’ € A\{e} (where 
0 denotes the null interval valued fuzzy set). 


An interval valued fuzzy soft point IP% is said to belong to an interval valued fuzzy soft set S, if IP©” is 
an interval valued fuzzy soft subset of Sy). 


Example 9. Let U = {u1, uz} and E = {e,,e)} be the set of parameters. Consider the internal valued fuzzy 
soft sets Sz and Jz given by 


z= {(e1, losin , at) , (e2, laa , saat) 


and 


= — Na 
Jz = {(e1, aeeey [1.0,1. Goa (2 tino) [0.2,0. 03)’ [0.3,0. 306 


Their union is 


Ve = (Cir eeu TERETE, (e af ECT PETC 
Now consider the interval valued fuzzy soft point of Vz defined as 


Ine Sead ea 


The point [P) is an interval valued fuzzy soft point of Vg. Note that IP) is not the interval valued 
fuzzy soft point of Sz or Jz. 


For other types of definitions of interval valued fuzzy soft point, we can construct examples in the similar 
fashion as discussed in the previous section. 


Remark 2. It is easy to observe that the definition for hesitant fuzzy soft point faces the same problems. 
Now we discuss the definition of intuitionistic fuzzy soft point. 


The definition of intuitionistic fuzzy soft point given in [12] faces the same limitations as in the case of 
fuzzy soft point. 


Definition 18. [12]. Let S, € IFS(U). Then Sy, is called an intuitionistic fuzzy soft point, denoted by és, if 
for the element e € A,S(e) # 0 and S(e’) = 0 for e’ € A\{e} (where 0 denotes the null intuitionistic fuzzy 


set). 


An intuitionistic fuzzy soft point es is said to belong to an intuitionistic fuzzy soft set Jj if es is an 
intuitionistic fuzzy soft subset of Jy 


Example 10. Let U = {ug, 1, U2} and E = {e,, €,€3}. Consider the following intuitionistic fuzzy soft sets as 
follows: 


Se = (ev igs qt) Co oes). es [GDh 


= {1 Gaon) (e Zz oerast TEND, (e CERIN, CET 


Note that 


Sut 


— uy uy uz 
={e leet (0.1,0.2)’ maaan (e EET (0.2,0.4)’ ‘ace 


Uy 
(enlaecp’ (0.7,0.3)’ Gea 


If we define an intuitionistic fuzzy soft point e)z- by 


Ve = {Ce ea (0.1,0.2)’ mia 
Then ey € S; UJ; but eyy € Sp and eyy € Tp. 
Now we define the intuitionistic fuzzy soft point in the similar manner as the Definition 13 of soft point. 


Definition 19. Let Sg € IFS(U) and u € U. Sp is called an intuitionistic fuzzy soft point, denoted by 
IFP©, if for the element e € A,S(e)(v) = (0,1) for every v # u and S(e’) = 0 for e’ € A\{e} (where 0 
denotes the null intuitionistic fuzzy set). 


Remark 3. It is easy to observe that the above definition of intuitionistic fuzzy soft point follows the 
basic rules of union and intersection similar to the crisp case. 


4| Conclusion 


The study of soft points of a soft set is of much importance due to its applications in many mathematical 
structures such as soft metric spaces, soft topological spaces, soft normed spaces etc. Several definitions 
of soft points are available in the literature which have their own limitaitons and merits, therefore it is 
natural to unify these definitions. In this paper, we listed out those limitations and presented some 
examples to support our claim. We also considered and emphasized the challenges to define soft points 
in the framwork of fuzzy soft set, interval valued fuzzy soft set, hesitant fuzzy soft set and intuitionistic 
fuzzy soft set theories. 


As a future work, one may carry out the study of soft point to investigate exponential operation laws 
and operators for interval-valued q-rung orthopair fuzzy sets sine trigonometric operational laws and 
Pythagorean fuzzy aggregation operators are based on them, and research on the connection number 
based q-rung orthopair fuzzy set and their applications in decision-making processes. 
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